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ABSTRACT
In linear perturbation theory, all information about the growth of structure is con-
tained in the Green’s function, or equivalently, transfer function. These functions are
generally computed using numerical codes or by phenomenological fitting formula an-
chored in accurate analytic results in the limits of large and small scale. Here we
present a framework for analytically solving all scales, in particular the intermediate
scales relevant for the baryon acoustic oscillations (BAO). We solve for the Green’s
function and transfer function using spherically-averaged overdensities and the ap-
proximation that the density of the coupled baryon-photon fluid is constant interior
to the sound horizon.
1 INTRODUCTION
In the current consensus picture of structure formation in
the Universe, Gaussian random field density perturbations
created at the end of inflation grow via gravity into the large-
scale structure we observe today. On large scales, this growth
is mediated by baryon acoustic oscillations (BAO) in the ion-
ized plasma prior to decoupling (z ∼ 1020) (Sakharov 1966;
Peebles & Yu 1970; Sunyaev & Zel’dovich 1970; Bond & Ef-
stathiou 1984, 1987; Holtzmann 1989; Hu & Sugiyama 1996;
Eisenstein & Hu 1998; Eisenstein, Seo & White 2007 (here-
after ESW07)), Silk damping from photon diffusion (Silk
1968), and neutrino free streaming (Bond & Szalay 1983).
On smaller scales and at later times, non-linear collapse,
virialization and mergers also play a role. However, on large
enough scales and at early enough times, the density fluctu-
ations remain small relative to the background, and so the
growth of structure can be accurately described using linear
perturbation theory (Bernardeau et al. 2002, for a review).
While we do not know the initial density field in any
given region of the Universe, the linear-theory evolution is
deterministic and is encoded in the Green’s function in con-
figuration space or the transfer function in Fourier space.
These are a Fourier transform pair: the Green’s function is
the response to a point-like initial overdensity in an oth-
erwise homogeneous universe, while the transfer function is
the response to a flat initial perturbation spectrum. One can
combine the Green’s function or transfer function with the
statistical properties of the initial, Gaussian random density
field to predict late-time observables within linear theory. In
particular, linear theory predicts the 2 and 3-point correla-
tion functions of galaxies (2PCF and 3PCF), which mea-
sure the excess probability over random of finding galaxies
at a given separation or on a given triangle configuration.
The Baryon Acoustic Oscillation method compares measure-
ments of the 2PCF in different redshift slices with these
predictions to constrain the Universe’s expansion history,
exploiting an order 1% bump in the 2PCF due to the sound
horizon at decoupling, rs ∼ 150 Mpc, as a fixed scale that
dilates as the Universe grows (Eisenstein, Hu & Tegmark
1998; Seo & Eisenstein 2003; Blake & Glazebrook 2003; Hu
& Haiman 2003; Linder 2003; see Eisenstein et al. 2005 and
Coles et al. 2005 for first detections, with previous obser-
vational hints summarized in Eisenstein et al. 1998). This
method has already yielded measurements of the cosmic dis-
tance scale with 1% precision with the Baryon Oscillation
Spectroscopic Survey (BOSS) within the Sloan Digital Sky
Survey (SDSS; Anderson et al. 2014), and is a leading lever
for constraining the equation of state of dark energy (Wein-
berg et al. 2012) through upcoming efforts (Jain et al. 2015)
such as Dark Energy Spectroscopic Instrument (DESI; Levi
et al. 2013), Dark Energy Survey (DES), Euclid (Laureijs
et al. 2011), Large Scale Synoptic Survey Telescope (LSST;
LSST Dark Energy Science Collaboration 2012), and Wide-
Field Infrared Survey Telescope (WFIRST; Spergel et al.
2013).
In practice, the equations of linear perturbation the-
ory, e.g. presented in Ma & Bertschinger (1995), are solved
using numerical codes such as CMBFAST (Seljak & Zal-
darriaga 1996) or Code for Anisotropies in the Microwave
Background (CAMB) (Lewis 2000). These codes run in of
order a few minutes on a typical personal computer and are
considered to be accurate at the sub-percent level. For a
given set of cosmological parameters, they can unambigu-
ously compute numerical tables of the linear theory predic-
tions. However, an important area of work has nonetheless
been semi-analytic fitting formulae for the transfer function,
as these show in closed form what the dependence on cos-
mological parameters is. In particular the fitting formulae
of Eisenstein & Hu (1998; 1999) helped enable the develop-
ment of the BAO method by demonstrating the sensitivity
of the BAO bump to cosmological parameters. These fitting
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formulae agreed with the numerical results of CMBFAST
within 1% at that time, though one might expect less good
agreement now as details of the codes such as recombination
and reionization history have changed. These fitting formu-
lae were derived by smoothly interpolating between analytic
solutions available for the large and small-scale limits of the
transfer function, corresponding to scales either much larger
or much smaller than the sound horizon at matter-radiation
equality. The first work on the small scale limit was done by
Mészáros (1974), and the large-scale limit was also solved
around this time, in Groth & Peebles (1975); see also Ko-
dama & Sasaki (1984). Hu and Sugiyama (1996; hereafter
HS96), Yamamoto, Sugiyama & Sato (1997) and Weinberg
(2002) treated the small-scale limit in greater detail, includ-
ing the BAO behavior on small scales as well as the effects
of neutrinos; Boyanovsky, de Vega & Sanchez (2008) de-
rive an analytic expression for the DM transfer function on
very small scales for a variety of DM candidate particles
during the matter-dominated regime. For further discussion
of previous work, see Peebles (1980), Padmanabhan (1993),
Dodelson (1998), and Weinberg (2008).
However, the BAO scale, rs ∼ 150 Mpc, falls in the
middle region where no analytic solution had been known
and where the fitting formulae simply interpolate. This mid-
dle region is also where the transfer function transitions from
scale-independent growth on large scales to scale-dependent,
increasingly suppressed growth on small scales due to the
evolution of the radiation inhomegeneities during radiation-
domination. From a practical standpoint, the availability of
accurate numerical solutions means that the lack of analytic
work here is not a problem either for understanding the pa-
rameter dependence of the BAO or for deriving constraints
on the cosmic expansion history. However, from a theoreti-
cal and pedagogical standpoint it is disappointing that there
is no analytic solution in this especially interesting regime.
Further, developing a means of solving the behavior on this
scale might lead to a general approach that could be used on
all scales, giving a completely analytic method of computing
the full transfer function or Green’s function.
In this paper, we develop an approach that allows us
to compute the growth of structure on these scales, as well
as on the smaller and larger scales that had previously been
solved. We offer a simple, self-consistent picture of how dark
matter, baryons, and photons interplay to create the large-
scale clustering of galaxies we observe today (insofar as this
is accurately described by linear perturbation theory).
In §2, we offer a qualitative configuration-space picture
that sets up what follows. §3 outlines the approximations
used all the way through the paper and presents the expres-
sions for the sound speed and sound horizon we require. §4
derives the base equation for the growth of perturbations
we will be solving, and calculates the solution outside the
sound horizon used throughout the paper. In §5 we solve for
the growth of perturbations inside the sound horizon with
massless baryons and no decoupling; §6 incorporates massive
baryons, decoupling, and photon diffusion (Silk) damping,
appealing to simple numerical work. §7 shows how §6 may
be redone perturbatively, with no appeal to numerical work,
for small baryon fraction. §8 concludes.
2 A CONFIGURATION-SPACE PICTURE
Before the Universe becomes neutral at z ∼ 1100 and
baryons and photons dynamically decouple (z ∼ 1020), the
electrons are tightly coupled to the photons by Thomson
scattering, and the protons to the electrons by Coulomb at-
traction. As a simple starting point, consider the behavior
of a spherically symmetric, point-like (Delta function) over-
density of dark matter, baryons, and photons set up at the
origin at some very high redshift in an otherwise homoge-
neous universe. The Universe’s response to this perturbation
is the Green’s function, and were the true initial density field
known, convolving it with this response would provide the
late-time linear theory matter distribution; for development
of the Green’s function picture see Bashinsky & Bertschinger
(2001; 2002).
Since the photon fluid has pressure Pγ = ργc2/3, the
perturbation at the origin will have greater photon pressure
than its surroundings. Thus the photons (and tightly cou-
pled baryons) will be launched outwards in a spherical pulse.
The high pressure in the fluid opposes density fluctuations
on scales much smaller than the sound crossing scale, giving
the pulse a roughly constant density interior to the sound
horizon.
We now examine the behavior of the background uni-
verse in the presence of this perturbation. First we consider
a spherically symmetric bubble with radius larger than the
sound horizon. Due to the perturbation at the origin, it is
overdense relative to the background universe and so will
contract when measured in coordinates comoving with the
background universe. All of the baryon-photon pulse is still
contained within this universe, and so the average overden-
sity contained is the same as it was in the initial condi-
tion. By Gauss’s law, the collapse will be the same as if the
baryon-photon pulse simply had remained concentrated at
the origin. Effectively, this bubble does not know about the
propagating pulse: the information about the pulse’s behav-
ior has only reached the sound horizon, and this bubble is
sensitive to the average overdensity over a region larger than
the sound horizon. Thus the collapse of this bubble is rel-
atively straightforward to compute. Further, it is the same
whether the baryons are tightly coupled to the photons or
not; it depends only on the total matter density and the
photon density. It is also insensitive to the details of how
the sound horizon is calculated. This bubble corresponds to
blue shells not yet covered by the red photon pulse in Figure
1.
Meanwhile, for a bubble of radius less than the sound
horizon, mass has not been conserved: some of the baryon-
photon pulse has exited the bubble, driving down the aver-
age overdensity and retarding the collapse relative to that of
the outside-horizon bubble. For a bubble that is extremely
small compared to the sound horizon, the baryon-photon
fluid can be treated as a homogeneous background, and
this is the approximation of Mészáros (1974). However, to
correctly trace the behavior of bubble whose size is similar
to the sound horizon at matter-radiation equality (of order
100 Mpc), the baryon-photon overdensity pulse’s contribu-
tion to the gravitational forcing must be incorporated. How
this is done certainly is sensitive to whether the baryons are
counted as photons or not, as well as to details of how the
sound horizon is computed. Providing an approach for fol-
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Figure 1. The top panel shows DM shells in blue and the ex-
panding photon pulse in red. For the shells outside the pulse, as
regards the gravitational force it exerts the pulse may as well still
be at the origin. However those DM shells the pulse has crossed
receive less gravitational force inwards than their counterparts
outside the sound horizon and so collapse less. The bottom panel
shows the Green’s functions for all the species; notice how tightly
coupled the gas (baryons) and photons are, and that their spatial
profile is roughly constant within the sound horizon (∼ 130 Mpc)
and zero outside it. For details on the computation of this panel
see ESW07.
lowing the pulse’s effect is a major advance of this work.
The bubbles inside the pulse correspond to those blue shells
covered by the red photon pulse in Figure 1.
3 GLOBAL APPROXIMATIONS,
DEFINITIONS, AND SOUND HORIZONS
Throughout this work, we make the following approxima-
tions. We ignore neutrinos entirely, and take all radiation
energy density to be in photons. We assume the baryons
and photons are tightly coupled, i.e. that the spatial profiles
of the overdensity in each species perfectly match. Finally,
we assume that the baryon-photon pulse’s spatial profile is a
Heaviside function in radius, constant out to the sound hori-
zon and zero thereafter. This is motivated by the high sound
speed in the fluid, and is a good match to the exact linear
theory result from CMBFAST (Figure 1, bottom panel).
We will often work in terms of the variable y = a/aeq
where aeq is the scale factor at matter-radiation equality.
Primes denote derivatives with respect to y. Where we do
use time t, dot will denote a time derivative. H is the Hubble
parameter. We will also often use the dimensionless variable
x, where x = r/rs,eq with rs,eq the sound horizon at matter-
radiation equality relevant within a given section (i.e. com-
puted with either constant (§5) or varying (§6) sound speed.
cs denotes the sound speed. Subscript m will always denote
total matter, subscript b baryons, subscript γ photons, and
subscript eq matter-radiation equality. Finally, we will use
the overdensity δ and the spherically averaged overdensity
δ¯, given respectively by
δ(r) =
ρ(r)
〈ρ〉 − 1, δ¯(r) =
3
r3
ˆ r
0
r′2δ(r′)dr′. (1)
ρ is the density and 〈ρ〉 is the average, background density.
In this work, we will compute the matter transfer func-
tion Tm(k) and Green’s function (here G(r)), but discuss
how these relate to the power spectrum P (k) or 2PCF ξ0(r)
of matter. The relationships are
Tm(k) = 4pi
ˆ
r2drj0(kr)G(r)
P (k) = AknsT 2m
ξ0(r) =
ˆ
k2dk
2pi2
j0(kr)P (k), (2)
where A is a constant usually set by matching the observed
small-scale clustering today (e.g. σ8) and ns is the scalar
spectral tilt, nearly 1 (Planck Paper XIII, 2015).
In §5 only, we treat the baryons as massless and assume
that baryons and photons are fully coupled for all time. In
this approximation the sound speed of the baryon-photon
fluid is constant, c/
√
3; this is faithful to the real Universe
at the 20% level in cs at z ∼ 1020 and even better at higher
redshift. The comoving sound horizon is then
rs,const(y) =
c√
3
ˆ t(y)
0
dt′
a(t′)
=
c√
3
ˆ y
0
dy′
y′2H(y′)
= rs,const(yeq)
√
1 + y − 1√
2− 1 (3)
where we have normalized by the sound hori-
zon at matter-radiation equality, rs,const(yeq) =[
2(
√
2− 1)/√Ωm,0(1 + zeq)3] (ctH0/√3). The second
factor corresponds to the proper sound horizon at redshift
zero and the first factor rescales this to matter-radiation
equality and comoving coordinates.
In §6 and §7 only, we take the baryons to be massive,
meaning their density will dilute with the scale factor as
y−3. This also implies the sound speed varies with the ratio
of baryon to photon momentum density
R(y) = 3
4
ρb
ργ
≈ 3
4
fbρm
ργ
= Reqy, (4)
with Req = (3/4)fb and fb the baryon fraction. Note that if
we incorporated neutrinos, the first equality would remain,
but the second, approximate equality would no longer hold,
c© 0000 RAS, MNRAS 000, 000–000
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because the photons would no longer constitute the entire
radiation energy density.
The sound speed is (Hu & Sugiyama 1995)
cs(y) =
c√
3(1 +R(y)) , (5)
and the sound horizon is (HS96)
rs,var(y) = c
ˆ y
0
dy′
y′2H(y′)
√
3(1 +R(y)
= rs,var(yeq)
Is,var(y)
Is,var(yeq)
(6)
with
Is,var(y) = ln
[√Req +R(y) +√1 +R(y)
1 +
√Req
]
; (7)
we have again normalized to the sound-horizon at matter-
radiation equality. In §6 decoupling of the baryons from the
photons does occur and we take it to be instantaneous.
4 EVOLUTION OUTSIDE THE SOUND
HORIZON
4.1 Perturbed shells
We begin with the Newtonian gravitational acceleration at
the surface of an overdense sphere of radius r filled with
matter and photons with initial densities ρm,0 and ργ,0:
r¨ = −GM(< r)
r2
= −4piG
3
(r30ρm,0r
−2 + 2ργ,0r
4
0r
−3) (8)
Multiplying by r˙ and integrating equation (8) with respect
to t, we obtain(
r˙
r
)2
=
8piG
3
(
ρm,0(r/r0)
−3 + ργ,0(r/r0)
−4 + C(r/r0)
−2) ,
(9)
where C is an integration constant. We are interested in the
case of small differences of ρm and ργ from their background
values, and we take the background Universe to be geomet-
rically flat and contain only matter and photons (curvature
and dark energy are negligible at the redshifts we consider).
With this in mind, C can be interpreted as the curvature
produced by a perturbation to the background Universe.
Consquently for small density perturbations C will also be
small. Setting r0 = 1 at matter-radiation equality and defin-
ing the Hubble parameter (for the background Universe) at
that epoch as
H2eq =
8piG
3
(ρm,eq + ργ,eq) , (10)
equation (8) becomes(
r˙
r
)2
=
H2eq
2
(
r−3 + r−4 + Cr−2
)
(11)
Taking the square root, multiplying through by r, and rear-
ranging differentials, we find
ˆ r
0
dr′√
r′−1 + r′−2 + C
=
Heqt√
2
. (12)
Multiplying the integrand’s numerator and denominator by
r′ and Taylor expanding to first order in C we find
Heqt√
2
=
ˆ r
0
r′dr′√
1 + r′
− C
ˆ r
0
r′3dr′
2(1 + r′)
√
1 + r′
= I0(r)− CI1(r) +O(C2) (13)
with
I0(r) ≡ 4
3
+
2
3
(r − 2)√1 + r
I1(r) ≡ 16
5
[
1√
1 + r
(
r3
16
− r
2
8
+
r
2
+ 1
)
− 1
]
. (14)
Now consider an overdense homogeneous bubble that is
slightly perturbed from the background Universe, with ra-
dius r = y [1− β(y)] where y = a/aeq is the scale factor
normalized to unity at matter-radiation equality and β  1.
Further let β(1) = βeq. We wish to find the curvature per-
turbation C produced by this radial perturbation. For the
background Universe, as already noted there is no curva-
ture so C = 0, and we demand that the perturbed shell and
the background Universe measure the same time of matter-
radiation equality. In view of equation (13) this means
Heqteq√
2
= I0(1) = I0(1− βeq)− CI1(1− βeq). (15)
Taking Taylor series for I0 and I1 about unity, we find the
curvature C induced by the radial perturbation βeq as
C =
1
I1(1)
dI0
dy
∣∣∣∣
1
βeq. (16)
Indeed, the perturbed and background Universe always mea-
sure the same time, so subtracting equation (13) for the
background Universe (set r = y) from that for the perturbed
one (set r = y [1− β(y)]), using our solution (16) for C, and
solving for β(y), we find
β(y) =
√
1 + y
y2
I1(y)√
2I1(1)
βeq
=
1
23− 16√2
[
y − 2 + 8
y
+
16
y2
− 16
y2
√
1 + y
]
βeq.
(17)
This relation describes the scale-factor-dependence of the
growth of an overdense region where the photons and mat-
ter move only under gravity and mass is conserved within
the bubble. It is valid for all bubbles whose radii are larger
than the sound horizon rs. Notice that limy→0 β(y) = 0 and
that at y = 1 we recover β(1) = βeq. Weinberg (2002) gives
a different derivation of this result for the density, and Ko-
dama & Sasaki (1984) find the analogous time dependence
for the potential (see also Dodelson 2003).
4.2 Spherically averaged overdensities
Thus far we have found the time-dependence of the growth
of radial perturbations outside the sound horizon. We now
need to incorporate the spatial initial condition demanded
by the Green’s function: a Dirac-delta function perturbation
at the origin, so that
δm(r, 0) = δ
[3]
D (~r)
δγ(r, 0) =
4
3
δm(r, 0), (18)
c© 0000 RAS, MNRAS 000, 000–000
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the factor 4/3 coming from adiabaticity. To connect these
initial conditions to β we must relate β to δ. Given a sperical
shell of radius r0 with average density ρ¯0 equal to the back-
ground density 〈ρ〉, perturbing r0 to r0(1 − β) gives a new
density ρ¯ = ρ¯0(V/V0) ≈ ρ¯0(1+3β). So a radial perturbation
β implies a spherically-averaged overdensity
δ¯ = 3β. (19)
This relation means the time-dependence of a spherically-
averaged overdensity is the same as that of β. Meanwhile
the initial condition on δ¯ is
δ¯m(r, 0) =
1
4pir3
δ¯γ(r, 0) =
4
3
δ¯m(r, 0) (20)
using equation (1). Rewriting equation (8) using d/dt =
(yH)d/dy and with r0 = 1, the equation of motion for δ¯m is
δ¯′′m +
2 + 3y
2y(1 + y)
δ¯′m − 3
2y(1 + y)
δ¯m =
3
y2(1 + y)
δ¯γ ; (21)
since no spherical shells cross, adiabaticity is maintained for
all time so δ¯γ can be replaced with (4/3)δ¯m above.
The solution is
δ¯m,out(r, y) = δ¯m(r, 0)O(y)
δ¯γ,out(r, y) = δ¯γ(r, 0)O(y) (22)
with
O(y) = y − 2 + 8
y
+
16
y2
− 16
y2
√
1 + y (23)
from equation (17).
5 INSIDE THE SOUND HORIZON: MASSLESS
BARYONS
We now turn to bubbles with r < rs. We again begin with
the Newtonian force law (recall equation (8)), but here focus
on a shell of matter with radius rm:
r¨m = −4piG
3
(ρmrm + 2ργ,inrm) , (24)
and perturb so that rm = y(1− βm). Here ρm is simply the
background matter density, but the photon density ργ,in is
more subtle. The photons are traveling outwards in the BAO
and so some will exit our bubble: photon number within
the bubble is no longer conserved. There are three effects
that alter ργ,in. First, the photon overdensity only (not the
background density) dilutes as the sound horizon grows: the
overdensity propagates to larger and larger scales and thus
decreases in amplitude. Second, the dilution is somewhat
balanced by the growth of the photon overdensity as its
overdense bubble of radius rs contracts relative to the unper-
turbed background. Third, the unperturbed photon density
dilutes as y−4 as the background universe expands.
We approximate that the photon overdensity is con-
stant within the sound horizon. This approximation is mo-
tivated by the extremely high pressure in the relativis-
tic fluid; it quickly smoothes any inhomogeneites in the
photon density within rs. Further motivating this approx-
imation, Padmanabhan (1993) shows that in a radiation-
dominated cosmology the photon perturbation in Fourier
Figure 2. An example of passage from actual overdensity to
spherically averaged overdensity; here we show the true Silk-
damped baryon perturbation (solid blue) and its spherical av-
erage (red dashed). Notice the compact support of the former
but not the latter; outside the sound horizon (here evaluated at
decoupling), the spherically averaged perturbation falls as 1/r3.
space is j1(krs)/(krs), which in configuration space is a con-
stant out to the sound horizon and zero beyond. Comparing
with numerical results from CMBFAST originally presented
in ESW07, and shown here in the bottom panel of Figure
1, also confirms our approximation. In detail, the photon
density peaks up somewhat near the origin due to the dark
matter there and also has a slight bump at the sound hori-
zon from the convergence of the outgoing pulse with photons
infalling from outside the sound horizon.
Since in our work the photon overdensity (and hence
spherically averaged overdensity) is constant within the
sound horizon, we need only set its amplitude. By construc-
tion, the spherically averaged photon overdensity must be
continuous at the sound horizon, so this amplitude is simply
δ¯γ,out(rs(y), y). Figure 2 shows how the true and spherically
averaged photon overdensities compare and how the latter
outside the sound horizon can be used to set the amplitude
within the sound horizon.
Inside the sound horizon, the dark matter perturba-
tion’s evolution is given by equation (21): recall this simply
came from Newton’s law of gravity. However, here we treat
the photons as a forcing given by
δ¯γ,in(y) = δ¯γ,out(xs(y), y) (25)
rather than as following the matter as they did in §4; we
have changed variables to the dimensionless xs = rs/rs,eq.
We also define a forcing function
Fγ(y) =
3
y2(1 + y)
δ¯γ,in(y), (26)
so that equation (21) here becomes
δ¯′′m +
2 + 3y
2y(1 + y)
δ¯′m − 3
2y(1 + y)
δ¯m = Fγ(y). (27)
We solve using variation of parameters, which writes the full
solution in an eigenbasis given by solutions of the homoge-
neous (unforced) equation (i.e. with the righthand side of
equation (27) set to zero). The homogeneous equation is the
c© 0000 RAS, MNRAS 000, 000–000
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Mészáros (1974) equation with a growing solution
G (y) = y +
2
3
(28)
and a decaying solution (Groth & Peebles 1975)
D (y) =
3
2
(
3
√
1 + y − (2 + 3y) arccoth
[√
1 + y
])
, (29)
and the Wronskian is
W (y) ≡ G(y)D′(y)−D(y)G′(y) = 1
y
√
1 + y
. (30)
The general solution of equation (27) is then
δ¯m,in (y, x) =
{
G (y)
(
C1 (x)−
ˆ y
ysc(x)
D (y′)Fγ (y′)
W (y′)
dy′
)
+D (y)
[
C2 (x) +
ˆ y
ysc(x)
G (y′)Fγ (y′)
W (y′)
dy′
]}
,
(31)
where ysc (x) is the scale factor at which x enters the sound
horizon. As earlier noted, this writes the full solution in an
eigenbasis given by the growing and decaying mode of the
homogeneous equation; the integrals should simply be inter-
preted as projecting the forcing Fγ onto this basis, with divi-
sion by the Wronskian correcting for the possibility that the
basis is not orthonormal (W → 1 if it were). Physically, the
photon forcing drops rapidly with y both since the photon
density dilutes as y−4 with the background expansion and
the overdensity further falls as r−3s (y) as the photon pulse
expands. Furthermore, 1/W (y) falls rapidly with y. Thus we
expect that the integrands are sharply peaked about their
values at ysc, when the shell of scaled radius x is crossed by
the sound horizon.
We compute ysc by inverting equation (3), finding
ysc(x) =
[
(
√
2− 1)x+ 1
]2
− 1. (32)
Both of the integrals in equation (31) can be evaluated in
closed form and are given in the Appendix (equations (.
Meanwhile the constants C1 and C2 can be found by match-
ing the inside and outside horizon solutions and their first
derivatives at the moment of horizon crossing. It should be
emphasized that these constants are x−dependent. We write
down the matching conditions below, which can be alge-
braically solved for C1 and C2. For δ¯m itself, we have
δ¯m,out(ysc(x), x) = δ¯m,in(ysc(x), x). (33)
Note that by construction (see equation (31)) the righthand
side above simplifies to
δ¯m,in(ysc(x), x) = C1(x)G(ysc(x)) + C2(x)D(ysc(x)). (34)
For the derivative δ¯′m, we have
δ¯′m,out(ysc(x), x) = δ¯
′
m,in(ysc(x), x). (35)
Here the righthand side simplifies to
δ¯′m,in(ysc(x), x) = C1(x)G
′(ysc(x)) + C2(x)D
′(ysc(x)). (36)
The system (34), (35) can be solved algebraically for C1 and
C2 as
C1(x) =
3
4pix3
{
3x˜2
(2 + x˜)2
(− 25− 4x˜(x˜+ 6)
+ 4(5 + x˜(x˜+ 3)(x˜+ 4)) arccoth[x+ 1]
}
(37)
C2(x) =
3
4pix3
{
8x˜2
3(x˜+ 2)2
[
5 + x˜(x˜+ 3)(x˜+ 4)
]}
, (38)
where we have introduced the auxiliary variable x˜ ≡ (√2−
1)x to simplify the form of these results.
We now obtain the late-time Green’s function for the
matter perturbation. At late times, only those terms in equa-
tion (31) proportional to the growing mode are important
so we may drop both C2 and the second integral there. We
also take y → ∞ in the upper bound of the first integral:
since the integrand is sharply peaked about ysc this is a very
good approximation. Both approximations are validated by
comparison to exact results. Making them yields
δ¯m,in (y, x) ≈ G (y)
[
C1(x)− lim
y→∞
ˆ y
ysc(x)
D(y′)Fγ(y′)
W (y′)
dy′
]
.
(39)
At sufficiently late times, all scales of interest have entered
the horizon, so this expression fully describes the spheri-
cally averaged matter perturbation with no need in practice
for an additional component describing super-sound-horizon
shells. Finally, we must invert the spherical averaging. Dif-
ferentiating equation (1) gives
δm,in (y, x) =
1
3x2
d
dx
[
x3δ¯m,in (y, x)
]
. (40)
Applying this prescription to equation (39) and dividing out
the y-dependence yields the matter Green’s function,
G(x) = δm(y, x)
G(y)
=
3
2x˜(2 + x˜)2
{
− 160 + x˜
[
− 135− 31x˜+ 2pi2(2 + x˜)2
]
+ 7x˜(2 + x˜) ln
[
x˜
2 + x˜
]
+ arccoth[1 + x˜]
[
(4 + x˜)
× [20 + x˜(26 + 7x˜)]− 3x˜(2 + x˜)2
{
7 ln x˜+ ln
[
2 + x˜
256
]}]
− 12x˜(2 + x˜)2 Li2
[
x˜
2 + x˜
]}
. (41)
The transfer function is then given by equation (2); to show
the results we also convert back to physical units (recall
r = xrs,eq), so that k has dimensions of comoving Mpc−1.
Figure 3 shows comparison in both Fourier space and
configuration space of our work with EH98’s “zero baryon”
fitting formula. EH98 obtained this fitting formula by run-
ning CMBFAST (Seljak & Zaldarriaga 1996) with constant
sound speed cs = c/
√
3 and trace baryon fractions and then
extrapolating to zero baryons; as long as one sets the mat-
ter and photon densities consistently, this is equivalent to
treating the baryons as massless as we have done here. In
the transfer function, we achieve extremely good agreement
with the EH98 formula for scales larger than k ∼ 0.01 Mpc
and fairly good agreement for smaller scales. The imper-
fect agreement on small scales is attributable to EH98’s in-
clusion of neutrino free streaming, which our work ignores.
The neutrinos move at roughly c outward from the density
perturbation at the origin and therefore are an additional
contribution to the mass within shells larger than the sound
horizon relative to the mass within shells inside the sound
horizon. Since the transfer function measures the growth of
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perturbations relative to a shell that always remains out-
side the horizon (k = 0 corresponds to a shell of infinite
radius), the neutrinos additionally supress the small-scale
transfer function. An area of future work might be to in-
clude neutrinos in our model. However because they free
stream, their dynamics is complicated—they do not move
in a coherent pulse but rather spread as they propagate into
a broad “lump”, as shown in the bottom panel of Figure 1.
The increased suppression of small-scale power in the EH98
transfer function translates to a slightly lower peak in the
EH98 Green’s function (Figure 3, bottom panel).
Figure 3 reveals a knee in the transfer function around
the scale of the sound horizon at matter-radiation equality.
Physically, spherical shells being crossed by the sound hori-
zon prior to matter-radiation equality genuinely notice the
dilution of the radiation forcing term due to the relativistic
expansion of the photon pulse. However, those being crossed
by the sound horizon after matter-radiation equality do not,
since by this time the radiation pulse will be dynamically
sub-dominant to the DM at the origin. While this explana-
tion for the knee in the transfer function is not new to this
work (Hu & Sugiyama 1995 originally proposed it based on
the Mészáros equation), we believe articulating it in terms
of the behavior of spherical shells in configuration space is
better defined and more rigourous than using the language
of Fourier modes “entering the horizon”: since Fourier modes
are defined throughout space, it is not actually well-defined
how a mode can enter the sound horizon. The configuration-
space Green’s function picture, where spherical shells really
do get overtaken by the expanding photon pulse generated
by the initial overdensity at the origin, we believe clarifies
this idea.
6 INSIDE THE SOUND HORIZON: MASSIVE
BARYONS
6.1 Changing the dark matter equation of motion
We now take it that the baryons are massive and are re-
leased by the photons at decoupling. This imprints an ad-
ditional scale on the transfer function: the sound horizon at
decoupling. Here we obtain the evolution before decoupling,
treating the evolution after decoupling in §6.2. Before decou-
pling, the baryons and photons are locked together. Treating
the baryons as massive makes no difference to the growth
of perturbations outside the sound horizon; these perturba-
tions are only sensitive to the total mass enclosed in their
shell, and so behave in the same way as in §3. However,
for shells inside the sound horizon, treating the baryons as
massive does have an effect.
Analogously to equation (25) for the photon overden-
sity, the baryon overdensity is
δ¯b,in(y) =
3
4
δ¯γ,in(y). (42)
Again, this is an approximation: it assumes that the baryons
and photons are tightly coupled and that the pressure of the
photons fully homogenizes any variation within the sound
horizon. It is rather accurate, however, as the bottom panel
of Figure 1 shows (see also ESW07 for snapshots at several
redshifts before decoupling).
Modifying equation (27) by replacing δ¯m with δ¯c and
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Figure 3. EH98 zero baryon case is dashed red; our result is solid
blue. In the top panel, the knee around k ∼ 0.1 Mpc−1 occurs
since shells of scales smaller than this are crossed by the photon
pulse prior to matter-radiation equality, when the photon pulse
is the dominant source of the potential. The photon pulse crosses
larger shells later and later, when it is increasingly sub-dominant
to the dark matter at the origin, and so these shells do not lose
as much forcing as smaller shells do. Also notice that the EH98
result is below ours on small scales—this is due to its inclusion of
neutrinos, which suppress small scale structure. See the main text
for further discussion of these points. The bottom panel shows
the Green’s function computed with both models; it is simply the
inverse Fourier transform of the top panel. The slight excess of
the blue curve over the red can again be attributed to additional
suppression of small-scale structure in EH98 due to neutrinos.
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adding baryons to the forcing, we find that the spherically
averaged overdensity on shells inside the sound horizon sat-
isfy
δ¯′′c +
2 + 3y
2y(1 + y)
δ¯′c − 3(1− fb)
2y(1 + y)
δ¯c = Fγ(y) + Fb(y) (43)
where fb = Ωb/Ωm is the baryon fraction and we have de-
fined the baryon forcing
Fb(y) =
3fby
8
Fγ(y) (44)
The driving term proportional to δ¯m in equation (27) came
from ρm in equation (8), but now only the DM density enters
this driving, so we took ρm → ρc = (1 − fb)ρm, leading to
the factor of 1− fb on the left-hand side above. This factor
changes the homogeneous solutions from equations (28) and
(29) to functions involving Gauss’s hypergeometric function
(see HS96 equation [D-2]). These are sufficiently complicated
to prevent us from analytically projecting the forcing Fγ+Fb
onto them as we did in equation (31). Instead, we use a
numerical integration up to decoupling (§6.4). Later, we will
show how for small fb . 0.5, the case with baryons can also
be solved analytically (§7).
6.2 Incorporating decoupling
We now turn to the evolution after decoupling. After the
baryons have been released by the photons, they feel only
gravity, and so are governed by precisely the same dynam-
ics as governs the dark matter. Thus the evolution equation
is now given by equation (27) with no modifications. But
there is an important additional element: the initial condi-
tions for δ¯m are here set by integrating equation (43) up to
decoupling for δ¯c and using equation (42) for δ¯b. The mat-
ter overdensity is the sum of the baryon and dark matter
overdensities, and since the differential equation governing
the evolution is linear, we may simply add them.1 Thus we
must solve equation (27) with initial conditions
δ¯m(yd, x) = fbδ¯b(yd, x) + (1− fb)δ¯c(yd, x)
δ¯′m(yd, x) = fbδ¯
′
b(yd, x) + (1− fb)δ¯′c(yd, x) (45)
where yd is the scale factor at decoupling.
Importantly, while the averaged baryon density is con-
tinuous, its derivative with respect to scale factor is unde-
fined at the sound horizon, undergoing a jump from inside
to outside the sound horizon. In particular, it is
δ¯′b =

3
4pix3s
[
O′(y)− 3O(y)x′s
xs
]
, x < xs;
O′(y) 4pi
3x3
, x > xs;
undefined at xs
When we convert to the true density perturbation by taking
a spatial derivative (see equation (40)) we should therefore
expect a Dirac-delta function like spike in the baryon den-
sity at the sound horizon. When the baryon density evolves
forward after decoupling, the growing mode inherits this spa-
tial dependence, leading directly to the BAO feature in the
late-time density.
1 At decoupling there is a difference δ¯b − δ¯c but one can show
that it is a decaying mode.
The continuity equation means that the time-derivative
of the density connects to the velocity divergence, and so this
effect—that the late-time growing mode of the baryon per-
turbation inherits the derivative’s spatial dependence—has
traditionally been known as “velocity overshoot” (Sunyaev
& Zel’dovich 1970; Press & Vishniac 1980). Physically, the
density’s time derivative at a given radius tracks the amount
of material entering or leaving that region. The upward jump
in the averaged density perturbation’s derivative as we cross
the sound horizon means more material is infalling towards
the sound horizon at rs + ,  a small positive number, than
is infalling away from the sound horizon towards the ori-
gin at rs − . Less mathematically, at a point just outside
rs, outward moving (at cs) material from the baryon-photon
perturbation is converging with infalling material from out-
side the horizon, where only gravity is important. Hence
material is accumulating at the sound horizon, and when
the sound horizon freezes out at decoupling, that material
continues to accrete via gravity.
6.3 Sound horizon with massive baryons
With massive baryons the sound horizon is given by equa-
tion (6). We now need to compute the scale factor ysc(x)
at which a given scale will enter the sound horizon; this is
straightforward from inverting the dimensionless version of
equation (6) for the sound horizon. We find
ysc(x) = R−1eq sinh
[
x
Is,var(yeq)
]
×
[
2
√
Req cosh
[
x
Is,var(yeq)
]
+ (1 +Req) sinh
[
x
Is,var(yeq)
]]
(46)
As discussed earlier, after decoupling, the photons still con-
tinue outwards. In detail the photons’ behavior is now com-
plex because they free-stream: similarly to the neutrinos
they move in a broad “lump”, illustrated in ESW07. We ap-
proximate that all of the photons are localized at a single
“light horizon” which has propagated at c subsequent to de-
coupling. This approximation also invokes our assumption of
instantaneous decoupling. Shells outside the sound horizon
at decoupling will now enter this light horizon; it is
xl(y) = xs(yd) + [xl,const(y)− xl,const(yd)] , (47)
with
xl,const(y) =
2(
√
1 + y − 1)
Is,var(yeq)
, (48)
where subscript l, const indicates we have used a constant
speed, c, for the photons. The scale factor at light horizon
crossing (denoted by subscript lc) for a shell of radius x is
thus
ylc(x) =
(
∆(x)xs(yeq)
2
+ 1
)2
− 1. (49)
with ∆(x) ≡ x− xs(yd) + xl,const(yd).
6.4 Numerical results
As earlier noted, we numerically integrate equation (43)
from our initial conditions up to decoupling. Since we
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Figure 4. The Green’s function obtained using the approach of
§6. Note the sharp spike at the sound horizon at decoupling: this
is due to the discontinuity in the averaged baryon density’s time
derivative discussed in §6.1, and is the analog of the BAO bump
in the 2PCF today. The spike has finite amplitude here because
it has a minimum width set by the resolution of our spatial grid.
want the total matter Green’s function we need δm(x, 0) =
δc(x, 0) + δb(x, 0) = δ
[3]
D (~x) so our initial conditions are
δ¯c(x, 0) =
3(1− fb)
4pix3
δ¯b(x, 0) =
3fb
4pix3
δ¯γ(x, 0) =
1
pix3
(50)
After decoupling, we numerically evolve equation (27)
with initial conditions given by equation (45) and the CDM
density in that equation the solution to equation (43). We
evolve the matter perturbation to a late enough time that
even large shells have entered the photon horizon; this is our
late-time Green’s function. It is shown in Figure 4 compared
with the result from running CAMB with no neutrinos
and the same cosmological parameters: H0 = 70 km/s/Mpc,
Ωb = 0.0461224, Ωc = 0.228571, zeq = 5438.48; TCMB =
2.726 K, and fb = 0.167905. The redshift of decoupling is
zd = 1058.37 and the sound horizon is 168.66 Mpc at that
time.
Figure 4 shows the results of the procedure described
in §6.1 and 6.3. The plot is dominated by a sharp spike at
the sound horizon at decoupling; this is due to the discon-
tinuity in the averaged baryon density’s spatial derivative
discussed in §6.1, and is the analog of the BAO bump in the
redshift zero linear-theory 2-point correlation function. The
spike should be a delta function with zero width and infinite
amplitude, but has finite amplitude by the finite width of
our spatial grid so its integral remains unity.
6.5 Adding photon diffusion (Silk) damping
As Figure 4 shows, our model is not in good agreement with
CAMB around the sound horizon at the epoch of decou-
pling. This occurs because we have not incorporated an im-
portant piece of small-scale physics: photon-diffusion damp-
ing of the perturbations, also known as Silk damping (Silk
1968; see also HS96). Silk damping will smooth the spike to
a spatially extended bump at the BAO scale, and we incor-
porate it now using a phenomenological fitting formula from
HS96, which convolves the density with a roughly Gaussian
smoothing (equivalent to multiplication in Fourier space by
HS96’s baryon visibility function, Db(k) ' exp[−(k/ks)ms ],
with ks and ms given by HS96 equations (E-9) and (E-10)
and a 20% phenomenological correction by EH98 equation
(7)).
The baryon visibility kernel multiplies the Fourier trans-
form (FT) of the true baryon density. The true baryon den-
sity is the same as the spherically averaged baryon density
(just a constant to the sound horizon), so its FT is
FT{δb(y, x)}(k) = 3j1(kxs(y))
kxs(y))
O(y), (51)
We now smooth, inverse Fourier transform, and spherically
average. Denoting “smoothed” by subscript “s,”
δ¯b,s(y, x) =
3
x3
ˆ x
0
x′2
ˆ
k2dk
2pi2
Db(k)j0(kx′)
{
3j1(kxs(y))
kxs(y)
O(y)
}
. (52)
Interchanging the order of integration and evaluating
the integral over x′ asˆ x
0
x′2j0(kx
′)dx′ =
x2
k
j1(kx), (53)
we obtain
δ¯b,s(y, x) =
9O(y)
xxs(y)
ˆ
dk
2pi2
Db(k)j1(kx)j1(kxs(y)). (54)
In the limit of no Silk damping, Db → 1. The k integral
can be done by inspection as the convolution of two boxcars
evaluated at zero lag, and we recover δ¯b.
Differentiating equation (54) with respect to y, we find
the smoothed spherically averaged baryon density’s deriva-
tive as
δ¯′b,s(y, x) =
9O(y)
xxs
ˆ
dk
2pi2
Db(k)j1(kx)(kx′s)[j0(kxs)− 2
kxs
j1(kxs)]
+
[
9O(y)
xxs
]′ ˆ
dk
2pi2
Db(k)j1(kx)j1(kxs). (55)
In the limit of no Silk damping, the second integral is again
the convolution of two boxcars at zero lag, as is the term
in the first integral involving j1(kx)j1(kxs). The term in
j1(kx)j0(kxs) in the first integral is the convolution at zero
lag of a boxcar and a Dirac delta function. Using these re-
sults recovers the no-Silk-damping limit equation (46).
Figure 5 shows the results of applying this procedure to
the spherically averaged baryon density and its derivative;
as expected, we have simply smoothed the density. Note
that the derivative, which before would have been a spike
at the sound horizon, now simply has a smooth, relatively
broad bump there. This is what sources the BAO bump in
the Green’s function. The Green’s function with Silk damp-
ing is shown in Figure 6; notice by comparing with Figure
4 that the spike at the sound horizon has been smoothed
into a wider bump. We find reasonably good agreement with
CAMB except slightly within the sound horizon, where the
difference briefly becomes of order 30%. We believe this is
due to our approximation of instantaneous decoupling com-
bined with mass conservation. The former means that, in
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Figure 5. This shows the average baryon perturbation (blue
solid), the Silk-damped average baryon perturbation (blue dash-
dotted), and its derivative (red dash-dotted), this last multiplied
by 3 for legibility. Notice the bump at the sound horizon in
the derivative; this will lead to the BAO bump in the late-time
Green’s function. We do not show the no-Silk-damping derivative
because it has large amplitude; it is simply a spike at the sound
horizon.
our approach, when decoupling occurs, the baryons simply
halt. In reality, the sound speed does not drop precipitously
to zero but does so more gradually, meaning the baryons
can continue to propagate slightly beyond the sound hori-
zon at decoupling. This in turn reduces the baryonic mass
within the sound horizon. Thus one would expect CAMB’s
Green’s function to exceed ours just outside the sound hori-
zon and be below ours just within it. It is also likely that
CAMB’s implementation of Silk damping has evolved since
the HS96 (with EH98 corrections) fitting formula we used
for the baryon visibility. Note that neutrinos cannot be the
cause of this disagreement as we ran CAMB with zero neu-
trinos.
Figure 7 shows the transfer function we obtain using the
same procedure as in equations (40) and (2). Note the rough
agreement with CAMB’s results. The fact that this Figure
looks to show greater agreement than Figure 6 emphasizes
the dangers of looking only in Fourier space or only in config-
uration space. In detail our model is not quite following all of
the wiggles around k & 0.1 Mpc−1; this corresponds to the
disagreement in Figure 6. CAMB’s result also has slightly
greater suppression of small-scale modes than does ours (e.g.
k > 0.5 Mpc−1; this might suggest the Silk damping in our
model slightly underestimates the true effect. Better under-
standing the physical causes of this disagreement might be
a useful direction of future work.
7 PERTURBATIVE ANALYTICAL
APPROACH FOR SMALL BARYON
FRACTION
Prior to decoupling, for the massive baryon-case one has
the formal variation of parameters solution for the inside-
Figure 6. The late-time mass profile, which scales as r2 times
the true density perturbation. Recall the initial condition was a
Dirac delta function overdensity at the origin. Note the reasonable
agreement with CAMB and the BAO peak at the sound horizon
at decoupling, which was 168.66 Mpc in this model; reasons for
the disagreement around 150 Mpc are discussed in the main text.
Figure 7. The late-time transfer function. We see reasonable
agreement with CAMB, but in detail our model does not quite
follow the small wiggles around the knee in the transfer function,
as one might expect given the disagreement in Figure 6. There
is also insufficient suppression of small scale power in our model;
these points are further discussed in the main text.
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horizon dark matter shells as
δ¯c,in (y, x) =
{
Gb (y)
(
C1b (x)−
ˆ y
ysc(x)
Db (y
′) [Fγ (y′) + Fb (y′)]
Wb (y′)
dy′
)
+Db (y)
[
C2b (x) +
ˆ y
ysc(x)
Gb (y
′) [Fγ (y′) + Fb (y′)]
Wb (y′)
dy′
]}
,
(56)
where Gb and Db are the general solutions of the homoge-
neous equation (equation (43) with the right-hand side set
to zero). They are (HS96)
Gb(y) = (1 + y)
−α1F (α1, α1 +
1
2
, 2α1 +
1
2
;
1
1 + y
)
Db(y) = −2
5
(1 + y)−α2F (α2, α2 +
1
2
, 2α2 +
1
2
;
1
1 + y
).
(57)
F is Gauss’s hypergeometric function, also sometimes de-
noted 2F1. Here the decaying solution is multiplied by −2/5
relative to that of HS96 (equation [D-4]) so that the limit as
fb → 0 agrees with our equation (29). Following HS96 we
have defined
αi =
1±√1 + 24(1− fb)
4
, (58)
with −,+ for i = 1, 2.
The complicated form of Gb and Db means we cannot
do the integrals of equation (56) analytically as we did in the
massless-baryon case (equation (31)). However, for fb . 0.5,
the simpler homogeneous equation solutions (28, 29) for the
massless baryon case (§5) well-approximate equations (57).
In particular, the decaying solution above Db is very well-
approximated by the massless-baryon result D. This is im-
portant because the integral over D is the one that gets mul-
tiplied by the growing mode in equation (31), so its spatial
dependence dominates the late-time perturbation. Further-
more, the integrand is sharply peaked about the smallest y
value that enters, and for a given range in y this is where
the fractional error of replacing Db with D is minimized.
These points are shown in Figure 8. The Figure also indi-
cates that where the difference between the Wronskians W
andWb grows the decaying modes die off, controlling any er-
ror due to replacing Wb with W . Further, as already noted,
the forcing function also dies off as y grows, meaning differ-
ences between Db/Wb and D/W will enter the integral less
strongly as y grows.
The behavior of the fractional error in the integral over
G is more complicated but it is always . 20% and as we
have argued this integral will not strongly enter the late-time
evolution. Its behavior is shown in Figure 9. The difference
between the integrand Gb/Wb and G/W will be suppressed
at late times both by the decaying mode multiplying the
integral and by the rapid decrease in the forcing function
that also enters the integral.
With these points in mind we approximate Gb → G and
Db → D in the integrands only in equation (56). We can
then perform the integrals. Equation (67) of the Appendix
gives the integral over G(y′)Fγ(y′) and equation (71) the
additional integral over G(y′)Fb(y′); that over D(y′)Fγ(y′)
is equation (70) and that over D(y′)Fb(y′) equation (73).
We can then solve for C1b and C2b algebraically from
Figure 8. The integrand involving the decaying mode, Db/Wb
(D/W with no baryons) and the various functions that enter it
(we have divided 1/W and 1/Wb by 3 for legibility). The agree-
ment between the massless-baryon case and the case with baryons
is better during radiation domination, when the integral is most
important. By the time we enter matter-domination and the ap-
proximation is less good, the effects of the baryon-photon pulse
will be dominated by the dark matter’s gravity. This integral en-
ters the solution multiplied by the growing mode, so it is the
dominant term at late times.
Figure 9. The integrand involving the growing mode, Gb/Wb
(G/W with no baryons) and the various functions that enter it
(we have divided 1/W and 1/Wb by 3 for legibility). The agree-
ment between the massless-baryon case and the case with baryons
is better during radiation domination, when the integral is most
important. Further, this integral enters the variation of parame-
ters solution mutliplied by the decaying mode, so at late times its
contribution is strongly suppressed. Nonetheless it is required to
determine the matching constants at decoupling.
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the matching conditions
(1− fb)δ¯m,out = δ¯c,in (59)
where the righthand side again simplifies as in equation (34)
but now with G → Gb and D → Db. For the derivative δ¯c
we have
(1− fb)δ¯′m,out = δ¯′c,in(ysc(x), x), (60)
analogous to equation (35). However here the simplification
for the righthand side we used after (35) is no longer valid
and we find
δ¯′c,in(ysc(x), x) =
[
− Gb(y)D(y)[Fγ(y) + Fb(y)]
W (y)
+
Db(y)G(y)[Fγ(y) + Fb(y)]
W (y)
+G′b(y)C1b(x) +D
′
b(y)C2b(x)
]∣∣∣∣
y=ysc(x)
. (61)
Previously the analogs of the first two terms on the right-
hand side canceled off. Nonetheless the whole motive for our
approximation of the integrands using the simpler growing
and decaying modes was that these approximate integrands
do not differ much from the true integrands; and it is just
making this approximation again to cancel off the first two
terms above. C1b and C2b can be written compactly as
C1b(x) =
Wˆ (Db(y), (1− fb)δ¯m,out(y))
Wˆ (Gb(y), Db(y))
∣∣∣∣
y=ysc(x)
C2b(x) =
Wˆ (Gb(y), (1− fb)δ¯m,out(y))
Wˆ (Gb(y), Db(y))
∣∣∣∣
y=ysc(x)
(62)
where Wˆ takes the Wronskian with respect to y of the two
functions in its argument.
These describe the DM perturbation after sound hori-
zon entry but before decoupling, and give the initial condi-
tion on the sub-sound-horizon DM to match onto the total
matter’s evolution post-decoupling. There will still be some
DM and baryons outside the sound horizon at decoupling,
but these are given exactly by the outside horizon solution
of §5.
After decoupling the total matter perturbation’s evo-
lution is according to equation (27) with solution given by
equation (31) but where the constants, now denoted C1pd
and C2pd, are set by matching via equation (45). We find
C1pd(x) =
Wˆ (D(y), δ¯m∗(y))
Wˆ (G(y), D(y))
∣∣∣∣
y=ysc(x)
C2pd(x) =
Wˆ (G(y), δ¯m∗(y))
Wˆ (G(y), D(y))
∣∣∣∣
y=ysc(x)
(63)
δ¯m∗ is the total matter perturbation before decoupling:
δ¯m∗(y, x) = (1− fb)δ¯c(y, x) + fbδ¯b(y, x), (64)
with δ¯c given by equations (56) and (62) and δ¯b by equation
(42). To compute the total matter transfer function we make
the same approximations as in §5 to find
δ¯m(y, x) ≈
Gb(y)
[
C1pd(x)−
ˆ ∞
ysc(x)
G(y′)[Fγ(y′) + Fb(y′)]
W (y′)
dy′
]
.
(65)
We do not explicitly compute C1pd or invert the spherical
averaging as the expressions involved would be lengthy, but
it would be straightforward to do so analytically. Unfortu-
nately we suspect that the integral against j0(kr) required
to this result into a transfer function via equation (2) will
not be available in closed form, since it was not even for the
simpler, massless-baryon case.
8 CONCLUSION
In this paper, we have developed an approximate, largely an-
alytic approach to deriving the matter transfer function on
all scales. For a massless-baryon cosmology, we obtained a
closed form for the matter Green’s function and good agree-
ment with EH98’s “zero” or massless-baryon fitting formula
for the transfer function. For the more realistic case of mas-
sive baryons, we find reasonable agreement with CAMB’s
results in the absence of neutrinos. For small baryon frac-
tion, we also offer a fully analytic, approximate approach
for that would with some algebra give a closed form for the
matter Green’s function. Up until now, there has been no
analytic framework for resolving the behavior of shells be-
ing overtaken by the sound horizon around matter-radiation
equality (e.g. Dodelson (2003) and Weinberg (2008) for this
point). Our approach fills this gap: it is a self-contained,
reasonably realistic means of solving the linear regime of
structure formation on all scales.
Our approach exploits the fact that the spherically av-
eraged matter overdensity outside the sound horizon can be
easily computed because the only force it feels is gravity.
All species (except neutrinos, which we ignore in this work)
behave the same outside the sound horizon, so the spheri-
cally averaged matter overdensity also gives the photon and
baryon overdensities in this region. Motivated by the high
pressure in the baryon-photon fluid and working in the tight-
coupling approximation, we model the baryon and photon
overdensities inside the sound horizon as constant. Since the
spherically averaged density perturbations are continuous,
the outside horizon solution can be used to set this constant.
From this we derive a closed form for the massless-baryon-
case Green’s function, and two ordinary linear differential
equations for, respectively, the pre-decoupling evolution of
the DM and the post-decoupling evolution of the total mat-
ter.
In our model, during a given epoch there are only two
components: before decoupling, the baryon-photon fluid and
the dark matter, and after decoupling, the photons and the
total matter. Numerically integrating these equations offers
all the qualitative features of the CAMB Green’s function:
small scale clustering that matches and a peak at rs. Our
simple implementation of a phenomenological Silk damping
prescription improves the match with CAMB results.
Finally, we have shown that for small baryon fraction
fb, the growing and decaying modes in the presence of
baryons can be approximated by the growing and decaying
modes for the massless-baryon case. This allows approxi-
mate closed-form solution of the differential equation gov-
erning the matter overdensity in the presence of baryons. Al-
gebraic manipulations of these results would lead to a closed
form for the matter Green’s function, though these expres-
c© 0000 RAS, MNRAS 000, 000–000
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sions would likely be cumbersome and so are not presented
here.
Two major physical themes are illustrated by our work.
The first is that, even in the absence of baryons, the transfer
function develops a smooth knee at the scale of the sound
horizon at matter-radiation equality. Shells outside the hori-
zon at this epoch grow more than shells that have entered
the horizon, because these latter are losing some of the grav-
itational force of the photon perturbation since it is par-
tially outside their Gaussian spheres. As the Universe ex-
pands and the photon density becomes sub-dominant to the
matter density, the exact moment at which a mode enters
the horizon becomes unimportant so the transfer function
flattens out. In other words, after matter-radiation equality,
shells entering the horizon still lose some of the photon per-
turbation’s gravitational forcing, but this perturbation is so
diluted that they barely notice.
The second physical theme relates to the BAO. In this
work we have shown that the discontinuity in the time-
derivative of the spherically averaged baryon overdensity
at the sound horizon at decoupling leads to a Dirac delta
function-like spike in the spatial behavior of the true baryon
overdensity at decoupling. This in turn contributes to the to-
tal matter overdensity proportional to the growing mode, so
the late-time transfer function and Green’s function retain
structure at the sound horizon. This structure is particularly
striking in the Green’s function, manifesting as a localized
BAO bump. This is the analog of the BAO bump seen in
the matter correlation function today.
Neither of these physical themes are new to this work
(see for instance Sunyaev & Zel’dovich 1970; Press & Vish-
niac 1980; Hu & Sugiyama 1995; HS96; EH98; Weinberg
2002; ESW2007, and many others) but we believe the con-
figuration space, spherical shell approach presented here sig-
nificantly clarifies what is meant by Fourier modes entering
the horizon. Further, we believe the self-consistent, com-
plete, and nearly fully analytic treatment offered here of
the growth of structure on all scales is novel and of intrinsic
interest. While we do not suggest that the work here is ac-
curate enough to supercede either codes such as CAMB and
CMBFAST or fitting formula such as EH98, we believe it is
complementary. The codes are complicated and the fitting
formulae are purely phenomenological in the intermediate
region where they interpolate: our treatment here involves
only a few equations to show how the underlying physics
propagates through to the final functional forms.
A future direction of our own work may be to extend the
treatment here to neutrinos. As earlier noted, their dynam-
ics are complicated because they free-stream. Given that up-
coming large-scale structure surveys promise to place tight
constraints on the sum of the neutrino masses (Jain et al.
2015), it may be rewarding to build the qualitative yet de-
tailed understanding of neutrinos’ effects our approach here
might afford.
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APPENDIX
Integrals for massless-baryon case (§5)
The integral over the growing mode in equation (31) be-
comes
Igrow (y, x) ≡
ˆ √1+y
√
1+ysc(x)
G(y′)Fγ(y′)dy′
W (y′)
=
2(5
√
2− 7)
3pi
ˆ √1+y
√
1+ysc(x)
(
3z′2 − 1) [5 + z′ (4 + z′)]
(z′ − 1)2 (z′ + 1)3 dz
′.
(66)
using the change of variable z′ =
√
1 + y′, dy′ = 2z′dz′ This
can be decomposed into partial fractions and integrated with
the substitution u = z′ ± 1 to yield
Igrow (y, x) =
2(5
√
2− 7)
3pi
[
− 5
2 (z′ − 1) −
1
2 (z′ + 1)2
+
1
1 + z′
+
1
4
ln
[
(z′ − 1)21
(z′ + 1)9
]]∣∣∣∣
√
1+y
√
1+ysc(x)
. (67)
With the same change of variables the integral over the
decaying mode in equation (31) becomes
Idecay (y, x) ≡
ˆ √1+y
√
1+ysc(x)
D(y′)Fγ(y′)dy′
W (y′)
=
3(7− 5√2)
pi
×
ˆ √1+y
√
1+ysc(x)
[5 + z′ (4 + z′)]
[−3z′ + (3z′2 − 1) arccoth z′]
(z′ − 1)2 (z′ + 1)3 dz
′.
(68)
This can be decomposed into partial fractions; the first five
terms can be integrated with the same u substition as earlier
and the last resulting term has integral
Ilast
(
z′
)
=
3(5
√
2− 7)
64pi (1 + z′)
{
2
z′2 − 1
(
− 17− z′ (61 + z′ (67 + 15z′))
+ 4 arccoth z′
{
11 + z′
(
31 + z′
(
25 + 13z′
))
+ 42(z′ − 1) (1 + z′)2 arccoth z′
+ 24
(
z′ − 1) (z′ + 1)2 ln [ 2
1 + z′
]})
− 96 (1 + z′)Li2 [z′ − 1
z′ + 1
]}
, (69)
meaning
Idecay (y, x) =[
5
√
2− 7
4pi
(
− 45
z′ − 1 +
9
(z′ + 1)2
+
18
1 + z′
+
9
2
ln
[
z′ − 1
z′ + 1
])
+ Ilast
(
z′
) ]∣∣∣∣
√
1+y
√
1+ysc(x)
. (70)
Integrals for massive baryon case (§6)
Here we evaluate the additional integrals over the baryon
forcing Fb required in §7. The baryons’ contribution is max-
imal at decoupling, where it is Fb(yd)/Fγ(yd) = 22.5% for
fb = 0.2. Using the same change of variables as for the
massless baryons, the integral over the growing mode can
be decomposed into partial fractions and integrated term
by term to yield
Igrow,b(y, x) ≡
ˆ √1+y
√
1+ysc(x)
G(y′)Fb(y′)dy′
W (y′)
=
fb
[
3z′ + 5 ln[z′ − 1]− 4
z′ + 1
+ 3 ln[z′ + 1]
∣∣∣∣
√
1+y
√
1+ysc(x)
. (71)
Using the same substitution, the integral over the de-
caying mode can be decomposed into partial fractions. The
first four resulting terms can be integrated directly and the
last term has integral
Ilast,b(z
′) =
9
4(1 + z′)
{
− 1− z′(2 + 3z′)
+ arccoth z′
[
1− z′((3 + 3z′(7 + z′)) + 10(1 + z′) arccoth z′
− 16(1 + z′) ln[z
′ + 1
2
]
]
− 9(1 + z′) ln[z′2 − 1]
− 8(1 + z′) Li2
[
z′ − 1
z′ + 1
]}
. (72)
The integral over the decaying mode is thus
Idecay,b(y, x) ≡
ˆ √1+y
√
1+ysc(x)
D(y′)Fb(y′)dy′
W (y′)
= fb
{
27
2
z′ +
1
4
ln
[(
z′ − 1)135 (z′ + 1)27]
− 27
2
(z′ + 1)−1 + Ilast,b(z
′)
}∣∣∣∣
√
1+y
√
1+ysc(x)
. (73)
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